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1. Introduction
Before stating this paper, we shall introduce some notions. The following list of notations seems to be convenient
though they may be found in the references: LSC(X) represents the set of all real-valued, lower semi-continuous func-
tions on X and we write LSC+(X) for the set of all real-valued, strictly positive lower semi-continuous functions on X ,
respectively. USC(X) represents the set of all real-valued, upper semi-continuous functions on X . In this paper, by “g  h
(g < h)”, we mean g(x)  h(x) (g(x) < h(x)) for all x ∈ X . Also, UL(X) = USC(X) × LSC(X); UL<(X) = {(g,h) ∈ UL(X):
g < h}.
A real-valued function on a topological space X is locally bounded if each point has a neighborhood on which the
function is bounded. Let C(X) denote the set of real-valued continuous functions on X . Also, denote by LB(X) the set of
real-valued and locally bounded functions on X .
In this paper, we shall study a topological property which is stronger than monotonically countable paracompactness
and cb-spaces, and discuss the relations between insertion of continuous functions and this property.
In order to see why monotone cb-space is introduced, we begin with comparing some of the known results.
A well-known result on insertion properties of topological spaces is the following:
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(a) X is countably paracompact;
(b) There is a map Φ :UL<(X) → C(X) such that g < Φ((g,h)) < h for all (g,h) ∈ UL<(X).
In order to characterize that the map Φ of Theorem 1.1 is order-preserving, Pan [13] introduced monotonically cp spaces,
which is equivalent to MCP by Good et al. in [4], and obtained the following theorem:
Theorem 1.2. (Pan [13]) For a monotonically normal space X, the following are equivalent:
(a) X is monotonically cp space;
(b) There is an order-preserving map Φ : LSC+(X) → C(X) such that 0< Φ(h) < h for all h ∈ LSC+(X).
In [13], Pan said: it is quite obvious that (b) in Theorem 1.1 is equivalent to:
(c) There is a map Φ : LSC+(X) → C(X) such that 0< Φ(h) < h for all h ∈ LSC+(X).
However, in the monotone situation, things are a little different. So he asked: can we generalize (b) in Theorem 1.1 to
a monotone equivalence? Good and Stares [5] gave a positive answer as follows:
Theorem 1.3. (Good, Stares [5]) A space X is stratiﬁable if and only if there is a map Φ :UL<(X) → C(X) such that
(a) g < Φ((g,h)) < h for all (g,h) ∈ UL<(X);
(b) if (g′,h′) ∈ UL<(X) and g  g′ and h h′ , then Φ((g,h))Φ((g′,h′)).
Lane, Nyikos and Pan proved the following result:
Theorem 1.4. (Lane, Nyikos, Pan [11]) A space X is stratiﬁable if and only if there is an order-preserving map Φ: LSC(X) → C(X) such
that, for any h ∈ LSC(X), 0Φ(h) h and 0< Φ(h)(x) < h(x) whenever h(x) > 0.
In 1965, Mack [12] proved that a space X is cb-space if and only if there is a map Φ : LSC+(X) → C(X) such that
0< Φ(h) h for all h ∈ LSC(X). Along this way, we naturally ask: what kind of space does it characterize the map Φ in (b)
of Theorem 1.2 without the condition of monotonically normal spaces? In this paper, we introduce “monotone cb-space”
which is a reasonable solution to this question.
Deﬁnition 1.5. (Horne Jr. [8]) A topological space is cb-space if for each h ∈ LB(X), there exists f ∈ C(X) such that f  |h|.
In 1959, J.G. Horne Jr. initiated a study of cb-spaces and reported on his work in [8].
For f ∈ C(X), the set on which f vanishes is called the zero-set of f and denoted by Z( f ). The complement of zero-
set is called a cozero-set. A family of continuous functions is locally ﬁnite if the collection of cozero-sets associated with
the family is locally ﬁnite. A real-valued function f deﬁned on a space X is lower (upper)semi-continuous if for any real
number r, the set {x: f (x) > r} (the set {x: f (x) < r}) is open. In 1965, J. Mack [12] investigated the properties of cb-spaces
and characterized them using insertion of continuous functions shown by the following theorem.
Theorem 1.6. (Mack [12]) For any topological space X, the following statements are equivalent:
(a) X is a cb-space;
(b) Given an upper semi-continuous function h on X, there exists f ∈ C(X) such that f  h;
(c) Given a positive (nonvanishing) lower semi-continuous function g on X, there exists f ∈ C(X) such that 0 < f (x) g(x) for all
x ∈ X ;
(d) Each countable increasing open cover of X has a countable cozero reﬁnement;
(e) Given a decreasing sequence (Fn)n∈N of closed sets in X with empty intersection, there exists a sequence (Zn)n∈N of zero-sets with
empty intersection such that Zn ⊇ Fn for each n ∈N.
Fortunately, we will ﬁnd that characterizations of monotone cb-spaces shown in Theorem 2.2 are monotone version
of Theorem 1.6. Using Theorem 2.2, we can also obtain the relations between monotone cb-spaces and other classes of
monotone spaces, such as MCP and so on.
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(1) Φ(h) |h| for each h ∈ LB(X);
(2) Take h and h′ in LB(X) such that |h| |h′|. Then Φ(h)Φ(h′).
Deﬁnition 1.8. A space X is a strong cb-space (scb-space) if there is an operator U assigning to each decreasing sequence
of closed sets (Fi) such that
⋂
i∈N Fi = φ, a sequence of zero-sets (U (n, (Fi)))n∈N = U ((Fi)) such that
(1) U (n, (Fi)) ⊃ Fn for each n ∈N and ⋂n∈N U (n, (Fi)) = ∅;
(2) If Fi ⊆ Ei for each i ∈N, then U (n, (Fi)) ⊆ U (n, (Ei)) for each n ∈ N.
Deﬁnition 1.9. (Good, Knight, Stares [4]) A space X is said to be monotonically countably metacompact (MCM), if there is
an operator U assigning to each decreasing sequence (D j) j∈N of closed sets with empty intersection, a sequence of open
sets U ((D j)) = (U (n, (D j)))n∈N such that
(1) Dn ⊆ U (n, (D j)) for each n ∈N;
(2) If Dn ⊆ En , then U (n, (D j)) ⊆ U (n, (E j)) for each n ∈ N;
(3)
⋂
n∈N U (n, (D j)) = ∅.
X is said to be monotonically countably paracompact (MCP), if, in addition,
(3′)
⋂
n∈N U (n, (D j)) = ∅.
2. Primary results
Before we prove Theorem 2.2, we give a simple proposition, which is used in the proof of Theorem 2.2.
Proposition 2.1. If h is a locally bounded real-valued function on X, then the sequence of closed sets (Fnh)n∈N deﬁned by Fnh =
{x ∈ X | |h(x)| n} for each n ∈N, satisﬁes the following conditions:
(a) Fnh ⊇ Fn+1h for each n ∈ N;
(b)
⋂
n∈N Fnh = φ;
(c) Take h1 and h2 in LB(X) such that |h1| |h2|, then Fnh1 ⊆ Fnh2 for each n ∈ N.
Proof. (a) and (c) are clear. We only prove (b). Take h in LB(X). Set Fnh = {x ∈ X | |h(x)| n} for each n ∈ N. For each x0 ∈ X ,
since h is locally bounded, there exists an open set V in X and n0 ∈ N such that x0 ∈ V and |h(x)| < n0 for each x ∈ V .
So {x ∈ X | |h(x)|  n0} ⊆ X − V , furthermore Fn0h = {x ∈ X | |h(x)| n0} ⊆ X − V . That is, there exists n0 ∈ N such that
x0 /∈ Fn0h , which shows
⋂
n∈N Fnh = φ. 
Theorem 2.2. For any topological space X, the following statements are equivalent:
(a) X is a monotone cb-space;
(b) There is an operator Φ :USC(X) → C(X) such that:
(1) Take h1 and h2 in USC(X) such that h1  h2 , then Φ(h1)Φ(h2);
(2) Φ(h) h for each h ∈ USC(X);
(c) There is an operator Φ : LSC+(X) → C(X) such that:
(1) Take h1 and h2 in LSC+(X) such that h1  h2 , then Φ(h1)Φ(h2);
(2) 0< Φ(h) h for each h ∈ LSC+(X);
(d) There is an operator Φ assigning to each increasing sequence of open sets (U j) j∈N satisfying X =⋃ j∈N U j , a sequence of contin-
uous functions (Φ(n, (U j)))n∈N = Φ((U j)) such that:
(1) X − Z(Φ(n, (U j))) ⊆ Un for each n ∈N;
(2) X =⋃n∈N(X − Z(Φ(n, (U j))));
(3) If Un ⊆ Vn, then Φ(n, (U j))Φ(n, (V j)) for each n ∈ N;
(4) Φ(n, (U j)) 0 and Φ(n, (U j))Φ(n + 1, (U j)) for each n ∈N;
(e) There is an operator Φ assigning to each decreasing sequence of closed sets (D j) j∈N satisfying
⋂
j∈N D j = φ , a sequence of
continuous functions (Φ(n, (D j)))n∈N = Φ((D j)) on X such that:
(1) Dn ⊆ Z(Φ(n, (D j))) for each n ∈ N;
(2)
⋂
n∈N Z(Φ(n, (D j))) = ∅;
(3) If Dn ⊆ En, then Φ(n, (D j))Φ(n, (E j)) for each n ∈ N;
(4) Φ(n, (D j)) 0 and Φ(n, (D j))Φ(n + 1, (D j)) for each n ∈N.
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bounded, where
h+(x) =
{
h(x) h(x) 0,
0 h(x) < 0.
So that we can deﬁne an operator Φ :USC(X) → C(X) by
Φ(h) = Φ0(h+) for each h ∈ USC(X).
According to Deﬁnition 1.7, one can easily verify that the (1) and (2) in (b) hold for Φ .
(b) ⇒ (c). Let Φ0 :USC(X) → C(X) satisfy (1) and (2) in (b). Take any h in LSC+(X), then 1h ∈ USC(X). Deﬁne Φ : LSC+ →
C(X) by
Φ(h) = 1
(Φ0(
1
h ))
for each h ∈ LSC+(X).
We assert that the conditions in (c) hold for Φ . Take any h ∈ LSC+(X), then 1h is upper semi-continuous. According to (2)
in (b), Φ0( 1h ) is continuous on X such that Φ0(
1
h )
1
h . Thus 0< Φ(h) = 1(Φ0( 1h ))  h, which shows that (2) in (c) holds for Φ .
One can easily verify that (1) in (c) holds for Φ by (1) in (b) as well.
(c) ⇒ (d). Let Φ0 : LSC+(X) → C(X) satisfy (1) and (2) in (c). Take each increasing sequence of open sets (Ui)i∈N satisfy-
ing X =⋃i∈N Ui . We can deﬁne h(Ui) : X → R by
h(Ui)(x) =
{
1 x ∈ U1,
1
n+1 x ∈ Un+1 − Un. (∗)
One can easily obtain h(Ui) ∈ LSC+(X) by the deﬁnition of lower semi-continuous functions. For each pair of increasing
sequences of open sets (Ui) and (Vi) such that Ui ⊆ Vi for each i ∈ N and X =⋃i∈N Vi =⋃i∈N Ui , we also assert that
h(Ui)  h(Vi) , which are deﬁned by (∗). Take any x in X . Since X =
⋃
i∈N Ui , there exists n0 ∈ N such that x ∈ Un0 − Un0−1
(let U0 = ∅). According to the deﬁnition of h(Ui) , we have h(Ui)(x) = 1n0 , and so h(Ui)(x) = 1n0  h(Vi)(x) by x ∈ Un0 ⊆ Vn0 . This
shows h(Ui)  h(Vi) . Now we can deﬁne an operator Φ assigning to each increasing sequence of open sets (Ui), a sequence
of continuous functions on X by
Φ
(
(Ui)
)= (Φ(n, (Ui)))n∈N
where Φ(n, (Ui))(x) = max{ 1n+1 ,Φ0(h(Ui))(x)}− 1n+1 (∗∗) for each n ∈ N and x ∈ X . We assert that (1)–(4) in (d) hold for Φ .
Clearly we have X − Z(Φ(n, (Ui))) = {x ∈ X | 1n+1 < Φ0(h(Ui))(x)} by (∗∗), where h(Ui) is deﬁned by (∗). For each x ∈ X ,
since Φ0(h(Ui))(x)  h(Ui)(x) by (2) in (c), X − Z(Φ(n, (Ui))) = {x ∈ X | 1n+1 < Φ0(h(Ui))(x)} ⊆ {x ∈ X | 1n+1 < h(Ui)(x)} = Un
for each n ∈N, which shows that (1) in (d) holds for Φ .
For each x ∈ X , since Φ0(h(Ui))(x) > 0 by (2) in (c), Φ0(h(Ui))(X) ⊆
⋃
n∈N( 1n+1 ,+∞). So that X ⊆
⋃
n∈NΦ0(h(Ui))−1(( 1n+1 ,
+∞)) =⋃n∈N{x ∈ X | 1n+1 < Φ0(h(Ui))(x)} =⋃n∈N(X − Z(Φ(n, (Ui)))), while ⋃n∈N(X − Z(Φ(n, (Ui)))) ⊆ X is clear, hence
X =⋃n∈N(X − Z(Φ(n, (Ui)))), which implies that (2) in (d) holds for Φ .
Take any pair of increasing sequences of open sets (Ui) and (Vi) such that Ui ⊆ Vi for each i ∈ N and X =⋃i∈N Ui =⋃
i∈N Vi . We have proved h(Ui)  h(Vi) , where h(Ui) and h(Vi) are deﬁned by (∗). Hence we obtain Φ0(h(Ui))  Φ0(h(Vi))
by (1) in (c), and thus Φ(n, (Ui))(x) = max{ 1n+1 ,Φ0(h(Ui))(x)} − 1n+1  max{ 1n+1 ,Φ0(h(Vi))(x)} − 1n+1 = Φ(n, (Vi))(x) for
each x ∈ X and each n ∈N, which shows that (3) in (d) holds for Φ .
Now it remains to prove that Φ satisﬁes (4) in (d). By (∗∗), Φ(n, (U j))  0 is clear for each n ∈ N. We shall
show that Φ(n, (U j))  Φ(n + 1, (U j)) for each n ∈ N. Take each x in X . (i) If Φ0(h(Ui))(x)  1n+2 , then Φ(n, (Ui))(x) =
max{ 1n+1 ,Φ0(h(Ui))(x)} − 1n+1 = 0 = max{ 1n+2 ,Φ0(h(Ui))(x)} − 1n+2 = Φ(n+ 1, (Ui))(x); (ii) If 1n+2 < Φ0(h(Ui))(x) 1n+1 , then
Φ(n, (Ui))(x) = max{ 1n+1 ,Φ0(h(Ui))(x)} − 1n+1 = 0 < max{ 1n+2 ,Φ0(h(Ui))(x)} − 1n+2 = Φ(n + 1, (Ui))(x); (iii) If Φ0(h(Ui))(x) >
1
n+1 , then Φ(n, (Ui))(x) = max{ 1n+1 ,Φ0(h(Ui))(x)}− 1n+1 =Φ0(h(Ui))(x)− 1n+1 <Φ0(h(Ui))(x)− 1n+2 = max{ 1n+2 ,Φ0(h(Ui))(x)}−
1
n+2 = Φ(n + 1, (Ui))(x). That implies Φ(n, (U j))Φ(n + 1, (U j)) for each n ∈N.
(d) ⇒ (e). This result is clear by de Morgan’s Law.
(e) ⇒ (a). Suppose that Φ0 is an operator, which satisﬁes (1)–(4) in (e) and that h is locally bounded on X . Set F jh =
{x ∈ X | |h(x)| j} for each j ∈ N. According to (2) in Proposition 2.1, (F jh) j∈N is a decreasing sequence of closed sets with
empty intersection, so (Φ0(i, (F jh)))i∈N = Φ0((F jh)), which satisﬁes (1)–(4) in (e), is a sequence of continuous functions
on X . And thus we can obtain a sequence of continuous functions { fnh}n∈N , being deﬁned by
fnh(x) = 1−min
{
1,max
{
nΦ0
(
i, (F jh)
)
(x)
∣∣ i  n}} for each n ∈ N. (∗)
We assert that { fnh}n∈N is locally ﬁnite. Take any x0 in X . Since ⋂i∈N Z(Φ0(i, (F jh))) = ∅, there exists i0 ∈ N such that
Φ0(i0, (F jh))(x0) > 0. Thus there is j0 ∈ N such that Φ0(i0, (F jh))(x0) > 1 . Since Φ0(i0, (F jh)) is continuous, there existsj0
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n × Φ0(i0, (F jh))(x) > n × 1j0 > j0 × 1j0 = 1 for each x ∈ V . That implies fnh(x) = 1 − min{1,max{nΦ0(i, (F jh))(x) | i  n}} =
1− 1 = 0 for each x ∈ V , which shows that { fnh}n∈N is locally ﬁnite. Thus we can deﬁne an operator Φ : LB(X) → C(X) by
Φ(h) = 1+
∑
n∈N
fnh for each h ∈ LB(X).
We assert that (1) and (2) in Deﬁnition 1.7 hold for Φ . Take h1 and h2 in LB(X) such that |h1(x)|  |h2(x)| for each
x ∈ X . According to (3) in Proposition 2.1, Fnh1 ⊆ Fnh2 for each n ∈ N, where Fnhi = {x ∈ X | |hi(x)| n} (i = 1,2). There-
fore we have Φ0( j, (Fnh1 ))  Φ0( j, (Fnh2 )) for each j ∈ N by (3) in (e), where (Φ0( j, (Fnhi ))) j∈N = Φ0((Fnhi )) (i = 1,2).
Furthermore, max{i × Φ0( j, (Fnh1 )) | j  i}  max{i × Φ0( j, (Fnh2 )) | j  i} for each i ∈ N, which shows that f ih1 (x) =
1 − min{1,max{i × Φ0( j, (Fnh1 ))(x) | j  i}}  1 − min{1,max{i × Φ( j, (Fnh2 ))(x) | j  i}} = f ih2(x) for each i ∈ N and each
x ∈ X . That is, Φ(h1) = 1+∑n∈N fnh1  1+∑n∈N fnh2 = Φ(h2), which shows that (2) in Deﬁnition 1.7 holds for Φ .
Now it remains to prove that (1) in Deﬁnition 1.7 holds for Φ as well. Take any h in LB(X). According to (2) in Propo-
sition 2.1, we have
⋂
n∈N Fnh = ∅, where Fnh = {x ∈ X | |h(x)| n} for each n ∈ N. Take any x ∈ X . (i) If x ∈ X − F1h , then
Φ(h)(x) = 1 +∑n∈N fnh(x) 1 > |h(x)| is clear, where fnh is deﬁned by (∗) for each n ∈ N. (ii) If x ∈ Fnh − Fn+1h , then we
have Φ0(i, (F jh))(x) = 0 for each i  n since Fnh ⊆ Z(Φ0(n, (F jh))) for each n ∈ N according to (1) in (e). By (∗), thus we
have f ih(x) = 1 for i  n, therefore Φ(h)(x) = 1 +∑n∈N fnh(x) n + 1 > |h(x)|. That implies Φ(h) |h| for each h ∈ LB(X).
Thus X is a monotone cb-space. 
Remark. From the “(e) ⇒ (a)” in Theorem 2.2, in fact, we prove that (e) of Theorem 2.2 implies that for each h ∈ LB(X),
there exists an operator Φ : LB(X) → C(X) such that
(1) Φ(h) > |h| for each h ∈ LB(X);
(2) Take h and h′ in LB(X) such that |h| |h′|. Then Φ(h)Φ(h′).
So “Φ(h) h” in (b) can be replaced by “Φ(h) > h” and “0< Φ(h) h” in (c) can be replaced by “0< Φ(h) < h”.
By Theorem 2.2 and Theorem 1.6, the following corollary is clear.
Corollary 2.3. (a) A mcb-space is a scb-space; (b) A scb-space is a cb-space.
Lemma 2.4. (Engelking [3]) Topological space X is perfectly normal if and only if any closed set A in X is a zero-set.
According to Lemma 2.4, we can easily obtain the following result by the deﬁnition of scb-spaces.
Corollary 2.5. Every perfectly normal space is a scb-space.
Theorem 2.6. (Good, Knight, Stares [4]) X is β-space if and only if it is MCM.
Example 2.7. The Sorgenfrey line is perfectly normal, so it is a scb-space (hence cb-space) by Corollary 2.5, while it is not
MCM (by Theorem 2.6 and [7]), hence not MCP (because MCP implies MCM (see [4])). This shows that a scb-space (hence,
cb-space) need not be mcb-space (by Theorem 2.11).
Remark 1. From Example 2.7, the (3) and (4) of (e) in Theorem 2.2 cannot be replaced by “If Dn ⊆ En , then Z(φ(n, (D j))) ⊆
Z(φ(n, (E j))) for each n ∈ N”.
Remark 2. From Example 2.7, we can ﬁnd that the naturally monotone versions of (b) and (c) are not equivalent to monotone
versions of (d) and (e) in Theorem 1.6, that is, scb-spaces do not imply mcb-spaces, even plus monotone normal, which is
shown by the following example.
Example 2.8. The Sorgenfrey line shows that a monotonically normal space need not be MCM (by Theorem 2.6 and [7]),
hence not mcb-space by Theorem 2.11 (because MCP implies MCM (see [4])). But the Sorgenfrey line is perfectly normal, so
it is scb-space by Corollary 2.5.
Remark. From Example 2.8, we can ﬁnd that scb-space does not imply MCM, even plus monotonically normal property.
But MCM plus monotonically normal property can imply scb-space by Corollary 2.14. Also, MCM need not imply scb-space
shown by the following example:
Theorem 2.9. (Mack [12]) A cb-space is countably paracompact.
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scb-space by Theorem 2.9 and Corollary 2.3.
Theorem 2.11. Every monotone cb-space (mcb-space) is monotonically countable paracompact (MCP).
Proof. Suppose that X is a mcb-space. Let (Fi) be a decreasing sequence of closed sets in X such that
⋂
i∈N Fi = φ, then
there exists an operator Φ satisfying (1)–(4) of (e) in Theorem 2.2. Set (Φ(n, (Fi)))n∈N = Φ((Fi)). Thus we can deﬁne an
operator U assigning to a decreasing sequence of closed sets (Fi) such that
⋂
i∈N Fi = ∅, a decreasing sequence of open sets
U ((Fi)) by
U
(
(Fi)
)= (U(n, (Fi)))n∈N where U(n, (Fi))= Φ(n, (Fi))−1
([
0,
1
n
))
.
Since Φ(n, (Fi)) is continuous and Φ(n, (Fi)) 0, U (n, (Fi)) is an open set for each n ∈ N. We assert that (1), (2) and (3′)
in Deﬁnition 1.9 hold for U . According to (1) of (e) in Theorem 2.2, we have Fn ⊆ Z(Φ(n, (Fi))) ⊆ Φ(n, (Fi))−1([0, 1n )) =
U (n, (Fi)) for each n ∈ N, which shows (1) in Deﬁnition 1.9 holds for U .
Since Φ(n, (Fi)) is continuous for each n ∈ N, U (n, (Fi)) = Φ(n, (Fi))−1([0, 1n )) ⊆ Φ(n, (Fi))−1([0, 1n ]), and thus⋂
n∈N U (n, (Fi))⊆
⋂
n∈NΦ(n, (Fi))−1([0, 1n ]). We shall show
⋂
n∈NΦ(n, (Fi))−1([0, 1n ]) = ∅, which shows
⋂
n∈N U (n, (Fi)) = ∅.
This implies that (2) in Deﬁnition 1.9 holds for U . Suppose that there is some point x0 ∈ ⋂n∈NΦ(n, (Fi))−1([0, 1n ]),
then we can prove that x0 ∈ ⋂n∈N Z(Φ(n, (Fi))), which is a contradiction since ⋂n∈N Z(Φ(n, (Fi))) = ∅ by (2) of (e)
in Theorem 2.2. Suppose that x0 /∈ ⋂n∈N Z(Φ(n, (Fi))). Then there exists n0 ∈ N such that x0 /∈ Z(Φ(n0, (Fi))), that is,
Φ(n0, (Fi))(x0) > 0. And so there exists j0 ∈ N such that Φ(n0, (Fi))(x0) > 1j0 . (i) If n0  j0, then, according to (4) of (e)
in Theorem 2.2, we have Φ(n0, (Fi))  φ( j0, (Fi)). Thus x0 /∈ φ(n0, (Fi))−1([0, 1j0 ]) ⊇ φ( j0, (Fi))−1([0, 1j0 ]), that implies
x0 /∈ ⋂n∈NΦ(n, (Fi))−1([0, 1n ]), which is a contradiction. (ii) If j0 < n0, then [0, 1n0 ] ⊆ [0, 1j0 ]. Since Φ(n0, (Fi))(x0) > 1j0 ,
x0 /∈ Φ(n0, (Fi))−1([0, 1j0 ]) ⊇ Φ(n0, (Fi))−1([0, 1n0 ]), this implies x0 /∈
⋂
n∈NΦ(n, (Fi))−1([0, 1n ]), a contradiction. Hence⋂
n∈NΦ(n, (Fi))−1([0, 1n ]) = ∅, which shows
⋂
n∈N U (n, (Fi)) = ∅. That is, (2) in Deﬁnition 1.9 holds for U .
It remains to prove that the (3′) in Deﬁnition 1.9 holds for U . Let (Fi) and (Di) be a decreasing sequences of closed sets
such that
⋂
i∈N Fi =
⋂
i∈N Di = φ and Fi ⊆ Di for each i ∈ N . Then Φ(n, (F j))  φ(n, (D j)) for each n ∈ N by (3) of (e) in
Theorem 2.2, and so U (n, (Fi)) = Φ(n, (Fi))−1([0, 1n )) ⊆ Φ(n, (Di))−1([0, 1n )) = U (n, (Di)) for each n ∈ N, which shows (3′)
in Deﬁnition 1.9 holds for U . That is, X is MCP. 
Theorem 2.12. (Good, Knight, Stares [4]) Every wN-space is MCP.
Remark. There exists a space which is MCP, while it need not be mcb-space. An example appeared in [1, pp. 260–261] of
a countably paracompact space which is not a cb-space (hence not a mcb-space by Corollary 2.3) can be shown to be wN,
hence it is MCP by Theorem 2.12.
Theorem 2.13. (Kubiak [10]) A space X is monotonically normal if and only if there is an operator Φ :UL(X) → C(X) such that:
(a) g Φ(g,h) h for each (g,h) ∈ UL(X);
(b) If (g′,h′) ∈ UL(X) and g  g′ and h h′ , then Φ(g,h)Φ(g′,h′).
Corollary 2.14. Let space X be monotonically normal, then the following statements are equivalent:
(a) X is monotone cb-space;
(b) X is monotonically countably paracompact (MCP);
(c) X is monotonically countably metacompact (MCM).
Proof. The implications (a) ⇒ (b) and (b) ⇒ (c) follow from Theorem 2.11 and Deﬁnition 1.9.
We shall prove that (c) ⇒ (a). Suppose that space X is MCM. By Deﬁnition 1.9, for each decreasing sequence of closed
sets with empty intersection in X , there exists an operator U satisfying the conditions (1)–(3) in Deﬁnition 1.9. Take any g
in USC(X). Set F gn = {x ∈ X | g(x)  n} for each n ∈ N, then (F gn)n∈N is a decreasing sequence of closed sets such that⋂
n∈N F gn = φ. Set (U (i, (F gn)))i∈N = U ((F gn)). We can deﬁne a lower semi-continuous function hg : X → R by
hg(x) =
{
1 x ∈ X − U (1, (F gn)),
i + 1 x ∈ U (i, (F gn)) − U (i + 1, (F gn)). (∗)
Then we can prove that hg satisﬁes the following conditions: (i) g  hg for each g ∈ USC(X); (ii) If g  g′ , then hg  hg′
where hg and hg′ are deﬁned by (∗). Take any x in X . If x ∈ U (i − 1, (F gn)) − U (i, (F gn)) (let U (0, (F gn)) = X ), then,
P.-F. Yan, L.-H. Xie / Topology and its Applications 156 (2009) 2537–2544 2543by (∗), hg(x) = i > g(x) by x /∈ U (i, (F gn)) ⊇ F gi = {x ∈ X | g(x)  i}, which implies g  hg . If g  g′ , then F gn = {x ∈ X |
g(x)  n} ⊆ {x ∈ X | g′(x)  n} = F g′n for each n ∈ N. Hence, U (i, (F gn)) ⊆ U (i, (F g′n)) by (3) in Deﬁnition 1.9 for each
i ∈ N. Take any x ∈ X . If x ∈ U (i − 1, (F g′n)) − U (i, (F g′n)) (let U (0, (F g′n)) = X ), then, by (∗), hg′ (x) = i  hg(x) since x /∈
U (i, (F g′n)) ⊇ U (i, (F gn)), which shows hg′  hg . Since X is monotonically normal, there is an operator Φ0 : UL(X) → C(X)
by Theorem 2.13. Hence we can deﬁne an operator Φ :USC(X) → C(X) on X by
Φ(g) = Φ0(g,hg) for each g ∈ USC(X).
One can easily verify that (1) and (2) of (b) in Theorem 2.2 hold for Φ by Theorem 2.13. Hence space X is monotone
cb-space by Theorem 2.2. 
Using Theorem 1.4 and (c) of Theorem 2.2, we can obtain the following corollary.
Corollary 2.15. A stratiﬁable space is a monotone cb-space.
Theorem 2.16. A countably compact space is a monotone cb-space.
Proof. Suppose that space X is countably compact. Take any h in LSC+(X). We can show that inf{r ∈ R | r ∈ h(X)} > 0.
Suppose that inf{r ∈ R | r ∈ h(X)} = 0, set Fn = {x ∈ X | h(x) 1n }, then {X − Fn}n∈N is an increasing sequence of open sets
such that X =⋃n∈N(X − Fn), but there doesn’t exist n ∈ N such that X =⋃ jn(X − F j), a contradiction. Hence inf{r ∈ R |
r ∈ h(X)} > 0. We can deﬁne an operator Φ : LSC+(X) → C(X) by
Φ(h)(x) = inf{r ∈ R ∣∣ r ∈ h(X)}, h ∈ LSC+(X).
One can easily verify that (1) and (2) of (c) in Theorem 2.2 hold for Φ . Hence X is monotone cb-space by Theorem 2.2. 
There exists a mcb-space that need not be a stratiﬁable space and countably compact space, which is implied by the
following example.
Example 2.17. ([4]) Topologize ω2 + 1 so that ω2 has a base of order-open intervals and all other points are isolated. With
this topology, ω2 + 1 is a monotonically normal, MCP space, so it is monotone cb-space by Corollary 2.14, which is neither
countably compact nor stratiﬁable.
Monotone cb-space is distinct from monotonically normal space shown by the following example.
Example 2.18. βN is a monotone cb-space by Theorem 2.16 but not monotonically normal (see [6]). The Sorgenfrey line is
monotonically normal but as we have seen is not monotone cb-space.
Corollary 2.19. Let space X be pseudocompact, then the following statements are equivalent:
(a) X is countably compact;
(b) X is monotone cb-space;
(c) X is scb-space;
(d) X is cb-space.
Proof. (a) ⇒ (b). This result follows from Theorem 2.16. The implications (b) ⇒ (c) and (c) ⇒ (d) follow from Corollary 2.3.
(d) ⇒ (a). Suppose that X is not countably compact, then there exists an increasing sequence of open sets (Un)n∈N such
that X =⋃n∈N Un , but there is no n0 ∈N such that ⋃in0 Ui = X . Hence we can deﬁne h : X → R by
h(x) =
{
1 x ∈ U1,
n + 1 x ∈ Un+1 − Un.
Clearly h is upper semi-continuous and unbounded. Since X is a cb-space, there exists f ∈ C(X) such that f  h and f is
unbounded. This is a contradiction since X is pseudocompact. Hence X is countably compact. 
In 1955, Ishikawa [9] proved that X is countably paracompact if and only if for each decreasing sequence of closed
sets Dn such that
⋂
n∈N Dn = φ, there are open sets Un such that Dn ⊆ Un for each n and
⋂
n∈N Un = φ.
Theorem 2.20. (Mack [12]) Let X be a completely regular pseudocompact space. Then X is a cb-space if and only if it is countably
paracompact.
2544 P.-F. Yan, L.-H. Xie / Topology and its Applications 156 (2009) 2537–2544Corollary 2.21. Let X be a completely regular pseudocompact space. Then the following statements are equivalent:
(a) X is countably compact;
(b) X is a monotone cb-space;
(c) X is a scb-space;
(d) X is a cb-space;
(e) X is monotonically countably paracompact (MCP);
(f) X is countably paracompact.
Proof. The implications (a) ⇒ (b) ⇒ (c) ⇒ (d) ⇒ (a) follow from Corollary 2.19.
(b) ⇒ (e). This result follows from Theorem 2.11. The implication (e) ⇒ (f) is clear by Deﬁnition 1.9. (f) ⇒ (d) follows
from Theorem 2.20. 
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